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1. Resolva as equações abaixo fazendo a substituição v = y′.

(a) t2y′′ + 2ty′ = 1, t > 0

(b) y′′ + (y′)2 = 0

(c) ty′′ = y′

(d) (1 + x2)y′′ + 2xy′ = 2x−3

2. Resolva as equações abaixo fazendo a substituição v = y′.

(a) yy′′ + (y′)2 = 0

(b) y′′ + y(y′)3 = 0

(c) y2y′′ − y′ = 0

(d) y′′ = (y′)3 + y′

3. Resolva as equações abaixo fazendo a substituição t = ln x.

(a) x2y′′ + 4xy′ + 2y = 0

(b) x2y′′ − 3xy′ + 4y = 0

(c) x2y′′ + 3xy′ + 5y = 0
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Solução

1. (a) t2y′′ + 2ty′ = 1
Fazendo y′ = v

t2v′ + 2tv = 1

Dividindo-se por t2

v′ +
2

t
v =

1

t2
.

Multiplicando-se a equação por µ(t) = e
�

2

t
dt = t2:

d

dt

(

t2v
)

= 1

Integrando-se obtemos
t2v(t) = t + c1

Logo
dy

dt
= v(t) =

1

t
+

c1

t2

Integrando-se

y(t) = ln t +
c1

t
+ c2.

(b) y′′ + (y′)2 = 0
Fazendo y′ = v

v′ + v2 = 0

1

v2
v′ = −1

d

dv

(

1

v

)

dv

dt
= 1

1

v
= t + c1

Logo
dy

dt
= v(t) =

1

t + c1

Integrando-se
y(t) = ln |t + c1|+ c2
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(c) ty′′ = y′

Fazendo y′ = v

tv′ = v

1

v
v′ =

1

t

d

dv
(ln |v|)

dv

dt
=

1

t

ln |v| = ln |t|+ c̃1

v

t
= c1

Logo
dy

dt
= v(t) = c1t

Integrando-se

y(t) = c1

t2

2
+ c2

(d) Fazendo y′ = v

(1 + x2)v′ + 2xv = 2x−3

Dividindo-se por 1 + x2

v′ +
2x

1 + x2
v =

2

x3(1 + x2)
.

Multiplicando-se a equação por µ(x) = e
�

2x

1+x2 dx
= 1 + x2:

d

dx

(

(1 + x2)v
)

=
2

x3

Integrando-se obtemos

(1 + x2)v(x) = −
1

x2
+ c1

Logo
dy

dx
= v(x) = −

1

(1 + x2)x2
+

c1

1 + x2

−
1

(1 + x2)x2
=

A

x
+

B

x2
+

Cx + D

1 + x2
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−1 = Ax(1 + x2) + B(1 + x2) + (Cx + D)x2

Substituindo-se x = 0 obtemos B = −1. Comparando-se os termos de grau 2
obtemos 0 = B + D ou D = 1. Comparando-se os termos de grau 1 obtemos
0 = A. Comparando-se ou termos de grau 3 obtemos 0 = A + C ou C = 0.
Assim,

∫

−
1

(1 + x2)x2
dx = −

∫

1

x2
+

1

1 + x2
=

1

x
+ arctan x + C2

E a solução da equação é

y(x) =
1

x
+ c1 arctan x + c2.

2. (a) yy′′ + (y′)2 = 0

v = y′ y′′ =
dv

dt
= v

dv

dy

yv
dv

dy
+ v2 = 0

v = 0 ou y
dv

dy
+ v = 0

v = 0 ⇒ y(t) = c1

ou
1

v

dv

dy
= −

1

y

d

dt
(ln |v|) = −

1

y

ln |v| = − ln |y|+ c̃1

ln |vy| = c̃1

vy = c1

Logo
dy

dt
= v =

c1

y

y
dy

dt
= c1

d

dy

(

y2

2

)

dy

dt
= c1
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A solução é dada implicitamente por

y2

2
= c1t + c2

(b) y′′ + y(y′)3 = 0

v = y′ y′′ =
dv

dt
= v

dv

dy

v
dv

dy
+ yv3 = 0

v = 0 ou
dv

dy
+ yv2 = 0

v = 0 ⇒ y(t) = c1

ou
1

v2

dv

dy
= −y

d

dt

(

−
1

v

)

= −y

1

v
=

y2

2
+ c̃1

v =
2

y2 + c1

Logo
dy

dt
= v =

2

y2 + c1

(y2 + c1)
dy

dt
= 2

d

dy

(

y3

3
+ c1y

)

dy

dt
= 2

A solução é dada implicitamente por

y3

3
+ c1y = 2t + c2
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(c) y2y′′ − y′ = 0

v = y′ y′′ =
dv

dt
= v

dv

dy

y2v
dv

dy
− v = 0

v = 0 ou y2
dv

dy
− 1 = 0

v = 0 ⇒ y(t) = c1

ou
dv

dy
=

1

y2

v = −
1

y
+ c1

Logo
dy

dt
= v = −

1

y
+ c1

1

− 1

y
+ c1

dy

dt
= 1

y

c1y − 1

dy

dt
= 1

1

c1

c1y − 1 + 1

c1y − 1

dy

dt
= 1

1

c1

(

1 +
1

c1y − 1

)

dy

dt
= 1

d

dy

(

y +
1

c1

ln |c1y − 1|

)

dy

dt
= c1

A solução é dada implicitamente por

y +
1

c1

ln |c1y − 1| = c1t + c2

(d) y′′ = (y′)3 + y′

v = y′ y′′ =
dv

dt
= v

dv

dy

v
dv

dy
= v3 + v
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v = 0 ou
dv

dy
= v2 + 1

v = 0 ⇒ y(t) = c1

ou
dv

dy
= v2 + 1

1

v2 + 1

dv

dy
= 1

d

dv
arctan v

dv

dy
= 1

d

dy
arctan v = 1

arctan v = y + c1

v = tan(y + c1)

dy

dt
= tan(y + c1)

cotan(y + c1)
dy

dt
= 1

∫

cotan(y + c1)dy =

∫

cos(y + c1)

sen(y + c1)
dy = ln | sen(y + c1)|+ C

d

dy
ln | sen(y + c1)|

dy

dt
= 1

d

dt
ln | sen(y + c1)| = 1

Integrando-se
ln | sen(y + c1)| = t + C2

sen(y + c1) = c2e
t

3. A substituição t = ln x transforma a equação de Euler

x2
d2y

dx2
+ bx

dy

dx
+ cy = 0

numa equação linear com coeficientes constantes.

dy

dx
=

dy

dt

dt

dx
=

1

x

dy

dt
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d2y

dx2
=

d

dx

(

dy

dx

)

= −
1

x2

dy

dt
+

1

x

d

dx

(

dy

dt

)

= −
1

x2

dy

dt
+

1

x

d

dt

(

dy

dt

)

dt

dx

= −
1

x2

dy

dt
+

1

x2

d2y

dt2

Substituindo-se na equação de Euler obtemos a equação linear com coeficientes
constantes

d2y

dt2
+ (b− 1)

dy

dt
+ cy = 0.

(a) x2y′′ + 4xy′ + 2y = 0 Fazendo t = ln x a equação se transforma em

d2y

dt2
+ 3

dy

dt
+ 2y = 0.

Equação caracteŕıstica

r2 + 3r + 2 = 0 ⇔ r = −2,−1

Solução geral:

y(x) = c1e
−2 ln x + c2e

− ln x = c1x
−2 + c2x

−1

(b) x2y′′ − 3xy′ + 4y = 0 Fazendo t = ln x a equação se transforma em

d2y

dt2
− 4

dy

dt
+ 4y = 0.

Equação caracteŕıstica

r2 − 4r + 4 = 0 ⇔ r = 2

Solução geral:

y(x) = c1e
2 ln x + c2e

2 ln x ln x = c1x
2 + c2x

2 ln x

(c) x2y′′ + 3xy′ + 5y = 0 Fazendo t = ln x a equação se transforma em

d2y

dt2
+ 2

dy

dt
+ 5y = 0.

Equação caracteŕıstica

r2 + 2r + 5 = 0 ⇔ r = −1± 2i

Solução geral:

y(x) = c1e
− ln x cos(2 ln x) + c2e

− ln x sen(2 ln x)

= c1x
−1 cos(2 ln x) + c2x

−1 sen(2 ln x)
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