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PRQTSVU
X(t) = (x(t), y(t), z(t)) W9X UZY W9[]\ UZ^9_DQ;`bacUed;_9f�g \ QihV_ [jW ^9klhnm [ ko_qpsr9QY;_ X a [ k X Q;^thV_�kou W UevAU 1 w hnUe^9uxQ;^thVQ�y�Y W9[]\ U�z{_x|}hVkor9_�aI_ [

T (t) =
X ′(t)

||X ′(t)||

g \ QihV_ [
N(t) = X ′′(t)− (X ′′(t) · T (t))T (t)z{_ [ hV_xux_x^cUevAU T (t)

Q{_ \ QihV_ [�W ^9klhnm [ ko_

N(t) =
N(t)

||N(t)||
.

z{Yn~cU X Uer9_��I�t�5�*�����*�����c�(y�Y W9[]\ U}f�g \ QihV_ [
B(t) = T (t)× N(t)

z W ^9klhnm [ ko_�Q�z�Yn~cU X Uer9_��I�t�5�*���1�&���*�����c�9y�Y W9[]\ U}f3gj` \ QihV_ [ Q;` T (t), N(t)
Q
B(t)�s_ [bX U X
W9X U?|cUe`bQ�_ [ hV_x^9_ [bX Uev�Q X hV_Rr9_x`�_x`�aI_x^thV_x`�rcU?Y W9[]\ U}fj�3voQ;`��s_ [bX U X _Yn~cU X Uer9_��5���s�R�������������"�����t�;�n�A���R���t�tf

��� �R���1�s���c�E�1U [ U U¡Y;k [ Y W ^}�sQ [b¢ ^9Y;k£U X(t) = (R cos t, R sen t, 0) ¤ _x` \ QihV_ [ Q;`^9_ [bX Uev�Q{|9ko^9_ [bX Uev$`V¥e_�rcUer9_x`�aI_ [
N(t) = (cos(t), sen(t), 0)

Q
B(t) = (0, 0, 1),

[ Q;`baIQ;YihVk \ U X Q;^thVQef

¦
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�-_Rr9Q X _x`�_x|}hVQ [�W9X U��&Uek®9U�Ue_�vo_x^9ux_�r9Q W9X U�Y W9[]\ U X(t)

aI_ [
X(u, v) = X(u) +

v

2
Y (u), −1 ≤ v ≤ 1,

Y;_ X
Y (u) = α(u)N(u) + β(u)B(u),Q X°¯"W Q N(t)

Q
B(t)

`V¥e_�_x` \ QihV_ [ Q;`�^9_ [bX UevcQ�|9ko^9_ [bX Uev9rcU�Y W9[]\ U}f3±�v£U [ u W9[ UErcU�&Uek®9U�`bQ [ m�rcUercU�aI_ [ √

α(t)2 + β(t)2
f

��� �R���1�s��²��(±��A�c� � �³����´¶µ*�1�&·-¸�aI_Rr9Q¹`bQ [ _x|}hVkorcU W `VUe^9r9_�Y;_ X _{Y W9[]\ U{UEY;k [»ºY W ^}�sQ [b¢ ^9Y;k£U X(t) = (R cos t, R sen t, 0)
f�¼�Q;`]hVQ�YLUe`b_

N(t) = (cos(t), sen(t), 0) ¤
B(t) = (0, 0, 1)

f3�
α(t) = cos( t

2
) ¤ β(t) = sen( t

2
)
f

X(u, v) =





cos(u)(R + v

2
cos(u

2
))

sen(u)(R + v

2
cos(u

2
))

v

2
sen(u

2
)





½ kou W9[ U ¦x¾ ½ Uek®9U¿r9Q�ÀÂÁx|9k W `

Ã Ä¡ÅDÆqÇ�¬
È UercU W9X U�Y W9[]\ U X(t) ¤RW9X h W |I_¿Q XÉ\ _xvlhnU�r9Q;`]hnU¿Y W9[]\ U ¤ Y W SVU�`bQ;dL¥e_¿h [ Ue^9` \ Q [ `VUevz�U�Y W9[]\ U�a9v£Ue^cU Y (t) = (y1(t), y2(t))

zE_x|}hVkor9_�Y;_ X U�acU [ U X Qih [ koÊLUedL¥e_
X(u, v) = X(u) + y1(v)N(u) + y2(v)B(u),

Q X�¯"W Q N(t)
Q

B(t)
`V¥e_�_x` \ QihV_ [ Q;`�^9_ [bX Uev�QE|9ko^9_ [bX Uev$rcU�Y W9[]\ U}f

Ë



��� �R���1�s�¡Ì��¹g¶�5�*����z W9X h W |I_�Q XÍ\ _xvlhnU�rcU�Y;k [ Y W ^}�sQ [b¢ ^9Y;k£U
X(t) = (R cos(t), R sen(t), 0),

Q XÎ¯"W QÏU¹`bQ;dL¥e_¹h [ Ue^9` \ Q [ `VUevtz(hnU X |Iz XGW9X UÐY;k [ Y W ^}�sQ [b¢ ^9Y;k£U Y (t) = (r cos t, r sen t)
f¼�Q;`]hVQ�YLUe`b_

N(t) = (cos(t), sen(t), 0) ¤ B(t) = (0, 0, 1)
Q¿Ue`b`bk X _ZhV_ [ _?hVQ X acU º[ U X Qih [ koÊLUedL¥e_

X(u, v) =





R cos(u) + r cos(u) cos(v)
R sen(u) + r cos(u) sen(v)

r sen(v)



 =





cos(u)(R + r cos(v))
sen(u)(R + r cos(v))

r sen(v)





½ kou W9[ U ËR¾3Ñ _ [ _

Ò Ä¡ÅDÆqÇ�¬ÍÓ�Ç�Ô Ä�Ç{Õ(ÖÐ×{Ç
Ñ [ _RYLUe^9r9_ º `bQ N(u)

Q
B(u)

^cU�Q ¯"W UedL¥e_?r9_�h W |I_�aI_ [
U1(u) = cos(

u

2
)N(u) + sen(

u

2
)B(u),

U2(u) = − sen(
u

2
)N(u) + cos(

u

2
)B(u),

[ Q;`baIQ;YihVk \ U X Q;^thVQ ¤ _x|}hVQ X _x`
X(u, v) = X(u) + y1(v)U1(u) + y2(v)U2(u).
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��� �R���1�s��Ù���±ÛÚ;���"��¸;Ü9���R�ÞÝ?�ß�5�¡��� àD�9�����9áâ� ���qã��s�R�&��aI_Rr9Q{`bQ [ _x|}hVkorcUY;_ X _ W9X h W |I_�Y;_ X hV_ [ dL¥e_¹Q X�\ _xvlhnUÐrcU¹Y;k [ Y W ^}�sQ [b¢ ^9Y;k£U X(t) = (R cos(t), R sen(t), 0) ¤W `VUe^9r9_?Y;_ X _�`bQ;dL¥e_�h [ Ue^9` \ Q [ `VUev�_¿ä»_xklhV_�å Y (t) = (r sen(t), r sen(2t))

X(u, v) =





R cos(u) + r(cos(u

2
) sen(v)− sen(u

2
) sen(2v)) cos(u)

R sen(u) + r(cos(u

2
) sen(v)− sen(u

2
) sen(2v)) cos(u)

r(sen(u

2
) sen(v) + cos(u

2
) sen(2v))





=





cos(u)(R + r(cos(u

2
) sen(v)− sen(u

2
) sen(2v)))

sen(u)(R + r(cos(u

2
) sen(v)− sen(u

2
) sen(2v)))

r(sen(u

2
) sen(v) + cos(u

2
) sen(2v))





½ kou W9[ U Ø}¾Ïæ X Q [ `V¥e_�Q X gjklhV_�rcUZç{U [b[ U��&U¿r9Q�èEvoQ;ko^

é êìë�¬�í�Ô î¶Ç�ï�ð-©�ñDíòÄ¡ÅDÆqÇ�¬
½ UeÊ;Q;^9r9_

u = t
Q

v = q

p
t ¤ Y;_ X p

Q
q
a [ k X _x`ÐQ;^th [ Q{`bkA^cUe`�Q ¯"W Ued;óRQ;`�acU [ U X z [ koYLUe`r9Q W9X h W |I_?_x|}hVQ X _x` W9X U¿�&U X?ô vok£U{r9Q{Y W9[]\ Ue`;f

��� �R���1�s�¡õ��Ð�1U [ U�_�hV_ [ _�_x|}hVQ X _x`�U¿�&U X?ô vok£U�r9Q{^9öx`

X(t) =





cos(t)(R + r cos( q

p
t))

sen(t)(R + r cos( q

p
t))

r sen( q

p
t)



 , 0 ≤ t < 2pπ,

÷



½ kou W9[ U ÷ ¾ ¼�ö (p, q) = (2, 3)
Q X\ _xvlhnU�r9_ Ñ _ [ _

½ kou W9[ U¡ø ¾ ¼�ö (p, q) = (2, 5)
Q X\ _xvlhnU�r9_ Ñ _ [ _

½ kou W9[ U�ù ¾ ¼�ö (p, q) = (2, 7)
Q X\ _xvlhnU�r9_ Ñ _ [ _

½ kou W9[ U¡ú ¾ ¼�ö (p, q) = (3, 7)
Q X\ _xvlhnU�r9_ Ñ _ [ _
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